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Abstract

Given a scene to illuminate satisfying a specific set of lighting intentions,
the inverse lighting techniques allows to obtain the unknown light sources
parameters, such as light position or flux emission. This paper introduces
a new inverse lighting approach that uses the radiosity mean and variance
to define lighting intentions of a scene. It is shown that these statistical
parameters can be obtained without the previous calculation of the radiosity
of the scene. Avoiding the explicit computation of the illumination of the
scene results in a drastic reduction of the time required for the inverse process.
This approach also provides a methodology that transforms a current set of
lighting intentions into a single lighting intention with statistical parameters.
The tests show that the processing time for solving the inverse problem can
be reduced to a few seconds in most cases, improving previous work.
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1. Introduction

Lighting intentions (LI) are the goals and constraints that designers would
like to achieve in an illumination design process. Given an architectural
interior space to illuminate, this process requires several steps that goes from
revealing the general use of the space, to the specific light accentuation that
must be obtained [1]. Concerning to the LI, they can be defined in different
ways according to the reference observation (incoming light or reflected light)
or to the global feature of the intention (local subset of surfaces or the overall
scene). Once the LI are specified, the designer must provide the parameters
setting that fulfill the desired intentions. The main features, such as the
position of the lights, their shape and spectral power, must be provided.
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Finding efficiently all lighting parameters is a challenge since the space
of possibilities is huge. The current approach to improve the solution is to
treat this issue as an optimization problem. As in other inverse problems, the
initial data conditions must be determined from the model parameters. In
the case of inverse lighting problems (ILP) the unknown illumination settings
must be completely determined from the LI.

The whole ILP process involves two large computational tasks: an opti-
mization process for the search of an optimal solution, and the global illu-
mination process. Both tasks are strongly related because the first one is an
iterative process that calls the second one in each iteration. The optimization
process is used for finding a solution that satisfies the set of LI, whereas the
global illumination process consists in the simulation of the light transport
process through multiple bounces. The time consuming of the ILP process
is proportional to the number of calls to the illumination process.

Concerning the most recent work on ILP [2, 3, 4, 5] that considers global
illumination, the main drawback is that they requires several minutes or
hours for even simple scenarios, limiting they uses in interactive applications.
This work focuses on the reduction of the global illumination processing time.

This paper presents the statistical inverse lighting (SIL) approach, a new
ILP method that greatly improves both timing and memory of previous work.
Our method exploits coherence of architectural interior spaces to build a
compact representation, that can be efficiently used to explore many lighting
solutions. The main contribution of our methodology is the introduction of
a new mathematical technique that uses the statistical mean and variance of
the radiosity of a scene as LI. Specifically, the designed LI are transformed
into other intentions represented by statistical parameters. The innovative
approach provides a mechanism that allows calculating this new LI, avoiding
the explicit computation of the global illumination.

Experiments were performed with different LI showing that in most cases
the ILP processing time can be shorten to only a few seconds, a significant
improvement concerning the state of the art. We believe that this time reduc-
tion could be a step forward in the integration of ILP methods in interactive
professional illumination design tools, as for example Dialux [6] or Relux [7].

Section 2 reviews the previous work and state the problem formulation.
The new approach is introduced in Section 3, and a proposal algorithm for
automatic parameters determination is presented in Section 4. Test results
are shown in Section 5 and conclusions are summarized in Section 6.
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2. Problem Definition and Related Work

This section provides the background required for our method. First, the
LI and the general considerations taken in ILP problems are defined. Then,
the ILP in the context of an optimization problem is defined, and the low-
rank radiosity is introduced as a methodology to obtain the inverse of the
radiosity matrix. The relevant related work is described at the end of the
section.

2.1. Lighting intentions

LI can be defined as the goals and constraints that designers must pro-
vide to achieve a desired illumination. Regarding the reference focus and
motivation, they could be classified in different ways by:

• Lighting representation (incoming or reflected light).

• The set of surfaces considered (the overall scene or a specific set of
surfaces).

• The kind of target goal to achieve (optimize specific lighting levels or
contrast between surfaces, or satisfy several constraints).

• The light transport level (only direct lighting or global illumination).

Designers have freedom to set as many LI as necessary. Possible examples
are: “Guarantee a minimum of irradiance in a panel” or “Distribute the light
homogeneously over all surfaces of the scene” (see Figure 1). In the ILP
the “best” lighting position that also satisfies the constraint intentions must
be obtained. Usually, a goal related to the energy-consumption should be
minimized.

2.2. Problem Considerations

The present work formulates the problem assuming the following consid-
erations:

• All surfaces of the environments have perfectly diffuse materials with
no specular component.

• Emitters are approximated as point light sources. Their optimal posi-
tion must be obtained. However, this is not a restriction of our method,
that could also operate with area light sources.
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(a) LI defined on a scene. (b) Final configuration of lights.

Figure 1: The ILP process. For a set of LI provided by the designer (a) is obtained the
best solution for positioning four light sources, that fulfill all the constraints (b).

• The environment is static, that is, surfaces can not change their posi-
tion. The change of position of the emitters is implemented by modi-
fying the emission property of previously defined patches.

• The use of indirect illumination is emphasized, a radiosity algorithm
for computing the global illumination is used.

In the discrete radiosity formulation [8], the radiosity of the scene is com-
puted by solving a linear system that can be expressed as:

(I−RF)B = E (1)

where I is the identity matrix with dimension n×n (n is the number of patches
or polygons), R is a diagonal matrix that stores the reflectivity index of the
patches, F is the form factor matrix, B is a vector with the radiosity value of
each patch, and E is the emission vector. B and E are measured in W/m2.

2.3. Optimization Problem

The set of LI presented in Section 2.1 can be formulated as an optimiza-
tion problem [9]. The problem consists of finding the emission configuration
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E that optimizes a goal function f(E), subject to a set of constraints G(E)
that must be satisfied:

min f(E), subject to G(E) (2)

The radiosity values B are not expressed in Equation 2 because they implic-
itly depend on E.

Although optimization is a well known topic, there is no computational
algorithm that provides the global optimum for a general non-linear objective
function. Finding the optimal solution by brute force is usually not feasible
in a reasonable time because of the huge search space of the possible states.
Heuristic algorithms avoid visiting the whole search space, by means of de-
signing rules that drive the search towards optimal solutions. There is a large
number of heuristic search algorithms in the literature, which can potentially
be used to solve lighting problems [9, 10, 11]. Castro et al. [5] explore a wide
range of algorithms to solve optimal economical light positioning. Cassol
et al. [4] and Schneider et al. [3], work with rectangular simplified scenes,
solving the ILP through a generalized extremal optimization approach. In
the present work, the Variable Neighborhood Search (VNS) method [12, 13]
is used.

2.4. Low-Rank Radiosity

Regardless of the optimization method used, the global illumination func-
tion must be evaluated many times before finding a converged solution. For
this purpose an efficient method should be used to compute the radiosity B
given the emission E. A method to efficiently assess the radiosity in equation
1 is introduced. This method will be used later to speed up the calculation
of statistical parameters.

It is very likely that the F matrix of Equation 1 has a low numeric rank.
This happens because each row F(i, :) is computed based on the scene view
from the geometrical patch i. As close patches have a similar view of the
scene, then F also has similar rows, resulting in the reduction of its numer-
ical rank. References about low-rank properties of radiosity and radiance
matrices can be found in Baranoski et al. [14], Ashdown [15], Hasan et al.
[16], and Fernández [17].

The low numeric rank of F allows its approximation by the product of two
matrices (UVT ), both with dimension n×k (n�k), without loss of relevant
information. The memory requirement for both matrices is O(nk), which is
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significantly less than O(n2) required to store F. This memory saving allows
storing U and VT in the main processor memory of desktop computers for
scenes with several hundred thousand patches.

As it is shown by Fernández [17], the matrix F can be replaced by the
low-rank approximation UVT in Equation 1, where U is a dense n×k matrix
and V is a n × k sparse matrix with n nonzero elements. This substitution
allows to obtain the low-rank radiosity (LRR):(

I−RUVT
)
B̃ = E (3)

B̃ can be calculated using a non-iterative procedure, by Sherman-Morrison-
Woodbury formula [18]:

B̃ =
(
I−YVT

)
E = M̃BE, (4)

where Y = −RU
(
Ik×k −VTRU

)−1
The matrix Y is n×k, and the inverse matrix included in its formulation is
k×k. The matrix M̃ is the inverse of

(
I−RUVT

)
and is also an approxima-

tion of (I−RF)−1. In static scenes with dynamic lighting, the matrices U,

V, and Y are computed once, therefore the calculation of B̃ has complexity
O(nk). This result allows to perform many radiosity calculations per second,
and was used by Fernández and Besuievsky [13] to accelerate ILP algorithms.

2.5. Related Work

In the context of radiosity, several works driven by different motivations
and assumptions were proposed. Contensin [2] formulates an Inverse Radios-
ity method based on a pseudo-inverse of the radiosity matrix, whereas Costa
et al. [19] proposed an optimization engine to deal with complex light speci-
fications. Kawai et al. [20] perform the optimization over the intensities and
directions of a set of lights, in order to best convey the subjective impression
of certain scene qualities, as expressed by users. Their so-called Radiopti-
mization system is a framework that determines optimal setting parameters
based on unconstrained optimization techniques, used in conjunction with
a hierarchical radiosity solver [21]. Castro et al. [5] developed a heuristic
search algorithm, which is combined with linear programming to optimize
light positioning with an energy-saving goal. Finally, Fernández and Be-
suievsky [13] used the low-rank radiosity method to build an ILP solution
integrating skylights and artificial Lambertian sources.
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The main drawback of previous work, as it was stated before, is that
they are time consuming for being integrated in an interactive design cycle
of illumination.

3. A Statistical Based Approach of LI

In statistics [22], the mean (µ) and the standard deviation (σ), as well as
other parameters, are used to describe properties about a set of numerical
data. The mean describes the central tendency of the data and the standard
deviation is a measure of their dispersion. In this section we borrow µ and σ
concepts to describe LI, taking advantage of their mathematical properties.
It is shown that µ and σ can be used as LI and the proposal advantage is
evaluated. In particular, it is demonstrated that µ(B(s)) and σ(B(s)) can
be obtained without the previous radiosity B(s) calculation for a scene or a
set of surfaces s. This will result in a significant advantage, since the global
illumination computation is the most expensive part of the ILP process.
Furthermore, it is shown that µ and σ can be used to substitute similar
lighting constraints by a single and faster-to-check constraint.

3.1. µ and σ as LI

Following basic statistics concepts, B(s) can be defined as the population
sample of a variable B, and µ(B(s)) and σ(B(s)) are its sample mean and
standard deviation, respectively. These parameters can be used to describe
LI. Figure 2 shows the optimization process. At each step of the process,
the illumination of the scene is computed, and a new set of B(s) values are
used to update µ and σ. These statistical parameters may correspond to
either the entire scene or a particular surface. Once these parameters are
obtained, the LI are checked. The optimization algorithm establishes states
for the position and intensity, which are used to obtain the new solution. The
process stops when all constraints are fulfilled and when no better solution
is found for the goals. Also the process may stop when it is not possible to
find a solution that satisfies all the constraints.

Figure 3 shows an example with five different configurations of lights. It
can be observed there that, the more homogeneously illuminated is the scene,
the lower the value of σ(B(s)).

3.2. Efficient Computation of µ(B(s))

Usually the sample mean of any population is computed after a sample of
the population is obtained. The formula of µ can be expressed as a weighted
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s =   Set of patches p, from a scene or from a particular surface.

B(s) = |s|×1vector with the radiosity values of s.

B calculation B(s) values Lighting Intentions

1. µ & σ of B(s) as LI:

B calculation B(s) values Lighting Intentions

µ(L(s)) = 0.13

µ(L(s)) = 0.13 σ(L(s)) = 0.10→

Change light parameters (E)

→

Goals like:

maxµ(B(s))
min σ(B(s))

or Constraints:

µ(B(s)) > µmin

σ(B(s)) ≤ σmax

Figure 2: Optimization process. Given a tentative lighting configuration (left), LI con-
straints are evaluated through an iterative process (right).

(a) σ = 3.51 (b) σ = 2.1 (c) σ = 1.52 (d) σ = 1.03 (e) σ = 0.43

Figure 3: Different radiosity distributions, in a scene composed of 24736 patches. Their σ
values are indicated at each case. Red dots indicates the source position.
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sum of the collected data. This section shows that it is possible to get the
mean of the radiosity values of a scene B(s) without the explicit calculation
of their radiosity values.

The radiosity of a surface s (Bs) is a measure of the flux density of the re-
flected light. It is the weighted mean of the flux density values for all patches
p that compose s (Equation 5), where each weight wA(p) is proportional to
the area of p.

Bs = µwA
(B(s)) =

∑
p∈s

wA(p)B(p) (5)

where
∑
p∈s

wA(p) = 1

B(s) is defined as the vector that contains all B(p) values (p ∈ s), and
µwA

(B(s)) as their weighted mean. Equation 5 can also be written using the
following notation:

µwA
(B(s)) =

(
1T
s WA∑

p∈s WA(p, p)

)
B (6)

where 1T
s is a row vector with only ones in the cells associated to the s

patches, WA is a diagonal matrix with the weights proportional to the areas
of the patches, and B is a vector with the radiosity values of the scene. As
exposed in Section 2.4, B can be substituted by the low-rank approximation
B̃ = M̃E:

µwA
(B̃(s)) =

(
1T
s WAM̃∑

p∈s WA(p, p)

)
E (7)

In Equation 7, the expression between brackets is a 1×n row vector. Fur-
thermore, using the expanded version of B̃(s) (see Equation 4), µwA

(B̃(s))
can be formulated as:

µwA
(B̃(s)) =

(
((1T

s WA)(−Y))VT∑
p∈s WA(p, p)

)
E (8)

The identity matrix in Eq. 4 is not included here because we compute the
mean of the reflected radiosity. The expression ((1T

s WA)(−Y))VT in Equa-

tion 8 is also a 1×n vector. So, in both cases the computation of µwA
(B̃(s)) is

reduced to a dot product with complexity O(n). Therefore, the µ calculation
of the radiosity values in s can be done avoiding the previous calculation of
B̃(s).
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3.3. Efficient Computation of σ(B(s))

The standard deviation is also usually computed after the population
data is collected. This parameter can be expressed as a weighted measure of
the Euclidean distance between the collected data and its mean. If B(s) is
defined as a linear combination of variables, an alternative formulation can
be created by using a covariance matrix. In Equation 9, the vector B̃(s) is
expressed as a linear combination of k column vectors Y(s, i), i = 1..k.

B̃(s) = M̃(s, :)E = −Y(s, :)(VTE) (9)

=
k∑

i=1

−Y(s, i)(VTE)i

Each of these vectors has dimension |s|× 1. The expression (VTE)i refers to
the ith value in vector (VTE). Considering each vector Y(s, i) as a sample of
an ith statistical variable, it is possible to formulate the following expression
for σ(Canavos [22]):

σ(B̃(s))2 = (VTE)TcovwA
(Y(s, :))(VTE), (10)

where covwA
(Y(s, :)) refers to the k×k sample covariance matrix built with

the k vectors Y(s, i). The right side of Equation 10 is a vector×matrix×vector
product. The covariance matrix is built using a weighted approach:

covwA
(Y(s, :))i,j = (11)∑

k∈s

wA(k)(Y(k, i)− µwA
(Y(s, i)))(Y(k, j)− µwA

(Y(s, j)))

where covwA
(Y(s, :))i,j is the element (i, j) of the matrix covwA

(Y(s, :)) and
contains the covariance between the ith and jth variables defined in Y(s, :).
The term µwA

(Y(s, i)) is the weighted sampled mean of Y(s, i).

Computing σ(B̃(s)) has complexity O(n + e2), where e is the amount of
nonzero elements in vector VTE. This can be deduced from the fact that
VTE can be computed with O(n) operations due to the sparsity of V. The
term e2 corresponds to the amount of non-zero floating point products in-
cluded in the vector×matrix×vector operations. Considering that usually
e � k � n, it can be said that the complexity of σ calculation is approxi-
mately linear.

The memory required to obtain σ(B̃(s)) is O(n + k2) because V is a
sparse matrix with only n nonzero elements, and the covariance matrix has
dimension k×k.
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3.4. Chebyshev-Based Constraint

The results obtained in the previous section can also be used to simplify
the LI. Equation 12 shows an optimization problem where there is a LI G
that depends on the radiosity values B

[E,Φ] = Opt


Φ = minEf(E)

subject to

{
B = ME

G(B)

(12)

This optimization problem involves the search of an optimal configuration of
emitters E and includes a f(E) optimization goal, the computation of B(E)
using a radiosity engine, and the satisfaction of a set of constraints G(B). A
typical G(B) consists in bounding the radiosity values of a surface s and can
be expressed as:

G(B) : {cmin ≤ B(p) ∀p ∈ s}, (13)

where cmin is the lower bound of the radiosity values.
An optimization algorithm would have to solve, at each iteration, the ra-

diosity equation to check that all B values in s are bigger than cmin. Instead,
a more efficient approach based on Chebyshev’s inequality [22], that avoids
the calculation of all B values in each iteration, is proposed. The Chebyshev’s
inequality establishes that the probability of finding B̃(p) values outside the

µ±ασ interval is not greater than 1/α2, regardless of the B̃(p) distribution.
The Chebyshev’s inequality it is used to build a probabilistic formulation
where the initial set of constraints G(B) is substituted by a new Chebyshev-
based constraint GCh(E,α) (Equation 14), based on the use of α, µ, and σ
values.

GCh(E,α) : cmin ≤ µwA

(
B̃(s)

)
− ασwA

(
B̃(s)

)
(14)

where α ≥ 0

Equation 15 shows the new Chebyshev’s optimization problem OptCh, which
includes the constraint GCh. The problem now consists on finding an optimal
ECh, which minimizes f(E) subject to GCh(E,α).

[ECh(α),ΦCh(α)] = OptCh(α)

{
ΦCh = minEf(E)

s.t. GCh(E,α)
(15)
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Figure 4 shows an example of possible distribution of the B̃(s) values.

Most B̃ values must lie inside the µ ± ασ interval, which does not prevent
that some B̃ values could be lower than cmin.

cmin

))(
~

( sBhistogram

µ µ+ασµ-ασ µ-σ µ+σ

Figure 4: Histogram of the B̃(s) values. µ and σ values characterizes their dispersion.

The probability bound in Chebyshev’s inequality is the worst probability
value. Usually, for lighting distributions in typical architecture scenarios, the
probability bound may be much lower than 1/α2. For instance, in the test

realized in Section 5.3, a α value of 3 satisfies the full compliance of the G(B̃)
constraints.

3.5. Statistical Based Optimization

To the extent that all LI based on radiosity are replaced by other LI using
of µ and σ, the complexity of each iteration in the optimization process is
reduced from O(nk) to O(n+e2), and the memory required goes from O(nk)
to O(n+ k2) (with n� k � e). The complexity reduction results in a great
acceleration, as is analyzed in Section 5.5.

Figure 5 (a) presents the new statistical transformation for the example
shown in Figure 1 (a). The goal and the constraints now are represented by

using parameters µ and σ. The goal optimizes the σ(B̃(s)) value, and the
original constraints are substituted by two Chebyshev-based constraints.

Figure 5 (b) presents the new optimization process, where in each iter-
ation there is no calculation of the radiosity of the scene. In this figure, s
represents all patches in the scene, and syw corresponds to the patches of the
yellow-colored wall. The following section presents a methodology for finding
appropiate values for α, where ECh(α) satisfies all G(B̃(ECh(α)) constraints.

12



Light source

Installation area

Lighting intention I: 

Lighting intention II: 

( ))(
~

min sBσ

max

min

))(
~

())(
~

(

))(
~

())(
~

(

LBBµ

LB-Bµ

ywyw

ywyw

<=+

>=

ss

ss

ασ

ασ

(a) Statistical LI

s =   Set of patches p, from a scene or from a particular surface.
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(b) Statistical optimization process.

Figure 5: The LI of Figure 1(a) expressed as a statistical goal and constraints, and the
new statistical ILP process avoids the radiosity calculation at each step of the optimization
process.

4. α value determination

The α values can be estimated by means of a trial and error method.
However, a mechanical determination may lead to a more efficient approach.
An iterative approach is proposed to find a solution of the OptCh problem
which is also a good solution for the Opt problem (i.e., an ECh(α) solution

that satisfies G(B̃(ECh)) constraints, and where ΦCh(α) would be close to Φ).
The strategy implemented minimizes the amount of radiosity calculations of
the scene.

4.1. Considerations

Figure 6 shows the main elements to consider when searching for an ap-
propiate αSol value. The possible α values are always positives, and can be
grouped into three regions. In region I the ECh(α) solutions do not satisfy

G(B̃(ECh(α))) constraints, and in region III there are not solutions to the
OptCh(α) problem. The possible valid α are in region II, where ECh(α) so-

lutions satisfy the G(B̃(ECh(α))) constraints. This paper assumes that the
three regions always exist, but an implementation of the algorithm must
consider also borderline cases and pathological situations.

Figure 6 also shows the ΦCh(α) curve, defined by the optimum ΦCh value
associated to each α value. This curve has nonnegative slope, because when
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f(E) 

∄E : G( (E)) are 

satisfied

I II III

∃ E : G( (E)) ˄ GCh(E,α) 
are satisfied

∄ E : GCh(E,α)
is satisfied

B
~

B
~

αMIN α

αSol

αb

ΦCh(αb) 

αa

∆ΦCh

∆α

ΦCh(αa)

ΦCh(αSol)

αMAX

ΦCh(α) 

Figure 6: Elements to be considered by the algorithm for “α-determination”.

the value of α becomes smaller, the GCh(E,α) constraint is relaxed, expand-
ing the set of feasible E solutions, and making the optimum ΦCh value lower
or equal than before. Therefore, the best α candidate that minimizes ΦCh(α)
in region II is αMIN , the smallest value of this region. So our strategy aims
to find this value.

4.2. Algorithm

An algorithm based on a bipartition strategy is presented. The strategy
seeks for the shortest interval (αa, αb), such that αa is in region I, and αb

is in region II (see Figure 6). The final αb value found would be the lowest
α found belonging to region II. Then, αb can be considered as αMIN , the
solution we are looking for. Figure 7 shows the flowchart of the algorithm,
which is divided in two steps.

The first procedure step (see Figure 7 (a)) search for an initial (αa, αb)
interval, such that the first extreme lie in region I and the second one in
region II. These properties ensure that αMIN will be inside the interval. αa

is initialized to zero, assuring that is in region I. When αb belongs to III, a
new αb value is generated in the middle point of the previous (αa, αb) interval.
When αb belongs to I, the interval is shifted to the right, placing αa where
it was αb. The evaluation of the second conditional (G(B̃(ECh))) implies the
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Search of [αmin,αmax]

[E ,Φ ]← Opt (α )

Initialize:[αa←0,αb←1]

NO

YES

NO

αb←(αa+αb)/2

G( (ECh)) are 

satisfied?

GCh(ECh,αb) is
satisfied?

αb←2αb - αa

αa← (αa+αb)/2 

YES

[ECh,ΦCh]← OptCh(αb)

αb ϵ III

αb ϵ I
αb ϵ II

B
~

(a) Searching: finding the (αa, αb) interval

Search of [αa,αb]

[ECh,ΦCh]← OptCh(α)

∃[αa,αb]?
NO

NOYES

Cancel

α←(αa + αb)/2

G( (ECh)) B
~

NOStop conditions

are satisfied?

αSol←αb

YES

G( (ECh)) 
are satisfied?

αa←α αb←α 

(b) Bipartition: finding αSol

Figure 7: Algorithm for α-determination, which finds the minimum α value where
G(B̃(ECh(α))) is satisfied.

execution of the radiosity algorithm to find the B̃(ECh) values. This first
part of the algorithm ends when αb belongs to region II.

The second part of the algorithm (Figure 7 (b)) is a bipartition algorithm
that halves the size of the (αa, αb) interval in each iteration. The middle α
value is gotten and the conditional establishes which of both halves is the
selected interval. Stop conditions could be set using the thresholds for the
number of iterations, the ∆α value, or the ∆ΦCh value.

5. Test Results

In order to evaluate the proposed method, five experiments were built, some
of them composed by several tests. The first one shows the use of σ as
a LI. The second experiment analyzes the optimization of µ and σ values,
whereas the third one focuses on the Chebyshev-based constraints stated in
Section 3.4. The fourth experiment shows results of the algorithm presented
in Section 4.2. Finally, a performance comparison of the proposed method
with other state of the art methods is given.

All simulations were performed in a Matlab environment using a standard
PC (Intel Core i7 2.2 Ghz processor and 4 GB memory). Our optimization
engine is based on the Variable Neighborhood Search (VNS) method [12].
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VNS is a single-solution based metaheuristic that approximates global opti-
mum solutions. However, the technique presented here has no consideration
of the optimization engine used. We believe that comparable results could
be achieved with other optimization engines.

5.1. Dispersion

This experiment shows the use of σ to manage the distribution of the
light in the scene.

Scene: “E-shape” corridor. Size (n×k): (24736×1546).

LI Goal: Illuminate the scene as homogeneously as possible position-
ing six diffuse light sources.

Statistical Goal Equivalent: Minimization of the standard devia-
tion of the reflected radiosity in the whole scene s, through the posi-
tioning of the light sources: min σ(B(s)).

LI Constraints:

• Six emitters.

• Emitters location is constrained to a specific area (the red-colored
rectangle in Figure 1).

• All emitters have the same radiosity value.

Variables: 12

• Six 2D coordinates that determine the position of the light sources.

Experiment Details:

• The precomputation of Y, V, and cov(Y) matrices, needed to
apply Equation 10, took 12 minutes.

• The VNS algorithm is executed 20 times to obtain information
about the stability and distribution of the solution.

• σ is evaluated 25000 times in each execution.

Results:

• Processing time: 10s per execution.
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• σ values for all executions: σmin = 0.425, σmax = 0.442 and
σmean = 0.428. The standard deviation (σsd) for all executions
is 0.0035.

• Image result: Figure 3(e).

Results shown in Figures 3(b), (c), and (d) were computed by adding
a lower bound constraint to the objective function (σ(B(s)) ≥ σmin).Figure
3(a) shows the result of maximizing the dispersion (max σ(B(s))) as a goal.
For this case, it can be seen that all light sources resulted concentrated in a
close position.

5.2. Statistical tools for LI

This experiment analyzes the convenience of using µ and σ to satisfy a
wide variety of LI. The same scene and experiment details as in the previous
experiment is used. Four different categories of LI were tested on a specific
wall of the scene (syw is associated to the set of patches that defines the
“yellow-colored wall” in Figure 1(a)).⊕

Illuminate

LI Goal: Illuminate the wall as much as possible positioning six diffuse light
sources.

Statistical Equivalent Goal: maximize µ(B(syw)).

Results:

• Processing time: 10.2s per execution.

• µ values for all executions: µmin = 0.409, µmax = 0.426, µmean =
0.420, and µsd = 0.0048.

• Image result: Figure 8(a).

⊕
Overshadow

LI Goal: Overshadow the wall as much as possible, six diffuse light sources
need to be positioned to illuminate the rest of the scene.

Statistical Equivalent Goal: min µ(B(syw)).
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(a) max µ (b) min µ (c) min σ subject to
0.30≤µ(B)≤0.35

(d) max σ subject to
0.30≤µ(B)≤0.35

Figure 8: Four LI configurations applied to the yellow-colored wall of Figure 1(a).

Results:

• Processing time: 11.2s per execution.

• µ values: µmin = 7.20×10−4, µmax = 7.64×10−4, µmean = 7.30×10−4,
and µsd = 1.43×10−5.

• Image result: Figure 8(b).

⊕
Homogenize

LI Goal: Disseminate homogeneously, as much as possible, the light over
the focus wall, also satisfying a set of bounding constraints.

Statistical Equivalent Goal: min σ(B(syw)).
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LI Constraints: 0.30≤µ(B)≤0.35.

Results:

• Processing time: 11.4s per execution.

• σ values for all excecutions: σmin = 0.066, σmax = 0.072, σmean =
0.068, and σsd = 0.0019.

• Image result: Figure 8(c).

⊕
Vary

LI Goal: Obtain the highest variation in the wall illumination, satisfying a
set of constraints.

Statistical Equivalent Goal: max σ(B(syw)).

LI Constraints: 0.30≤µ(B)≤0.35.

Results:

• Processing time: 11s per execution.

• σ values for all executions: σmin = 0.159, σmax = 0.175, σmean =
0.165, and σsd = 0.0044.

• Image result: Figure 8(d).

5.3. Evaluation of Chebyshev-Based Constraints

This experiment substitutes a set of constraints G(B) (0.1 ≤ B(p), ∀p ∈
syw) by a Chebyshev constraint GCh(E,α) (0.1 ≤ µ−ασ). The optimization
goal consists in the minimization of the function µ(B(syw)).

The parameter α is tested for three values: α = 1, α = 2 and α = 3 (see
Figures 9). According to Chebyshev inequality, when α = 3, means that up
to 11% (1/α2) of all patches could have values below the bound (0.1). But
our test shows that in fact, none of the 704 patches is below the bound for
this case.
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(a) α = 1. Final values:
µ=0.13 and σ=0.026.

(b) α = 2. Final values:
µ=0.17 and σ=0.034.

(c) α = 3. Final values:
µ=0.30 and σ=0.063.

Figure 9: Substitution of the constraints to a Chebyshev-based constraint with different
values of α.

5.4. Finding the Best α Value

This section performs two experiments. The first experiment consists of
finding the best α value for an ILP and the second one consists on drawing
a ΦCh(α) curve, similarly to the curve shown in Figure 6. Both experiments
are based on the problem stated in Section 5.3, and the G(B) constraints are
substituted by a GCh(E,α) constraint. The algorithm proposed in Section
4.2 for the determination of the best α value is used.

In Figure 10 (a), it is shown the α value obtained in each iteration, used
to solve the OptCh(α) problem (red stars), the αa value (blue square), and
the the αb value (black circle). The first three iterations correspond to the
first part of the algorithm, and the following eight iterations correspond to
the bipartition algorithm. The resultant final interval was (2.24, 2.25). As
αb = 2.25 is the smallest α value known in region II, then this value is chosen
as the αSol value. The execution of the algorithm takes about 120 seconds.

This experiment is performed 20 times in order to analyze the accuracy of
the result, obtaining a good stability (standard deviation of 0.22). Moreover,
the worst ΦCh(αSol) value within the 20 results is 0.214, a lower value than
the 0.3 value tested in Section 5.3.

The result of the second experiment is shown in Figure 10(b). The
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OptCh(α) problem is solved for several α values. The αMIN corresponds
to the value found in the first experiment (α = 2.25), and αMAX corresponds
to the lowest value found for which the OptCh(α) problem has not feasible
solution (α = 3.4).
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Figure 10: α-determination experiment results.

5.5. Performance Comparison

This section discusses the performance of our method in comparison
against other state of the art methods. For the tested scene, using sta-
tistical LI, our method took around 12 seconds to obtain a good solution.
In terms of absolute timing, this result improves previous work [4, 5, 13],
where reported times range from minutes to hours for more simple scenes
and constraints. However, a rigorous comparison is difficult to carry out be-
cause of the different assumptions in the problem formulation. For instance,
comparing to [4], the main assumption differences can be mentioned. First,
they only performed tests with a box-shaped scene without occlusion while
the present approach uses a more complex scene. They also performed their
tests with more optimization variable (27 against 12 in our case). Finally,
another difference is that they use a multi-objective technique. Cassol et al.
report 0,022 seconds per evaluation step, whereas in our test 0,0004 seconds
per evaluation was obtained.

A more feasible comparison can be done through the implementation of
the algorithm exposed in [13]. In this work, the VNS method is used as the
optimization technique and, in each iteration, the low rank radiosity tech-
nique calculates the radiosity values for all patches of the yellow wall. The
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original problem (Section 5.3) is solved, which includes the G(B) constraints.
The solution found, after 25000 iterations, is similar to the solution found in
Section 5.4. The execution time took about 830 seconds (0.033 seconds per
evaluation step), so the algorithm for α-determination presents a speed-up
of about seven.

6. Conclusions and Future Work

A new methodology is presented for achieving lighting intentions for in-
verse lighting problems. The innovative approach, introduce the use of the
statistical parameters µ and σ as LI. It is shown that the computation can
be efficiently performed obtaining a complexity of O(n) and O(n + e2), re-
spectively. The effectiveness obtained is based on a low-rank approach of the
radiosity equation. These results allow to perform thousands of global illu-
mination evaluation on a standard computer, reducing drastically the overall
optimization time required to solve inverse lighting problems. Based on these
results and the Chebyshev’s inequality, it is proposed the substitution of the
set of constraints G(B) of the radiosity by a single constraint GCh(E,α) that
depends only on the parameters µ, σ, and α. Finally, it is proposed a proce-
dure to obtain the optimum α parameter such that G(B̃(ECh(α))) is satisfied
and ΦCh(α) is minimized.

We believe that our proposal could open a new avenue searching for op-
timal ILP solutions. The promising time reduction results could lead to the
application of the method in more complex scenes and with more elaborated
LI. Concerning further work, more effort could be focus on automatic trans-
formation of expressive lighting intention into mathematical parameters, as
for example µ, σ and α. This would approach the method to designer tools.
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